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This Appesdrx. 1s davoted to the stugdy of alternative

algshras without any finitenoss restrictions. We begin in
this sezlion by completely determining all alternative divizion
algabras; they torn out to be ecilther associalbive or Cavlev
elgebras, just as befcre. Of course, Lhe asscciative division
ysbDyas are not complcetely claszified, but from the standpoint
of alternative algebras we considar eour task finished if we

have raduced cur problem tq one aboul associative algebras,
oo

P e -

=,

Wa racall the Nucleus = Centzor Theorem_ﬁTT.].lU: if 7

lternative division algebra, then cither A is assoai-
A CLA)
ative or its nucleus and csnter coincide, Eé'a&ﬁ = ElndeE)l
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Tt might happen that the nueleus and center reduce to zoro; this
is made unlikely by the following slriking result, which provides

a supply of nuolear slements,

(Fourth Tower Theorem) In zn alternative algebra the fourth
power of any commutetor lies in the nucleous,
' 4
[%,%] € N .

Vhen [x,y] is rKet a zero divisor, alrsady the second power lies
. : 2
in the nuclsus, [x,v]17 € H§ .

Proci. Sel = = [x,v]: w2 will =show

2 2
{1.2) z[z",a,b] = I=z7,a,blz = 0

for all a;b. If z is not a zero divisor thia implies all
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it immlies [2°

2,0) = 0 and * &N , vhile in general by Middle Bumping

2[221"1{]:'] + [szan]zz = 0 .

s bl o= =

By
; £l e
~a— - LIRS k.’ -
LN P P ool e iy o el R TR 4 b - - e — -—
Prominr e - i TETTTEg (S
FTE e -
f ‘:‘:‘L-— } ] J'-KIYJ'Z ua] E E"l:’{r}_":a-] e '|:|' -::
- —_ - & . -
o = - i ,"_. : . I = Sy vy T Ar
o an il o Sl T EES i s
S Rl “uF St A i e e e R A | ! |£J3-'_.f:.. = Fs( £ i
| —_ —— - — ’ﬂ i - i 'lll-': - L ‘Iq"ff | 1 __ it _ﬂ.. ————— -
o b e 2o - : ; p _
e .""“’,z e =l Lo i Ll 4 o R S L e ddg et e FLE S .-é:'-"‘ Tt g el it
! sttt ¢ ; J " A e
i
| Jﬁ:-: o T s QR 3 P e . i s -‘;I
P = MY 5 i LI Rl S| = O o d'__"‘""" -~ e 4. _ AL S g e
i o
e 7 i~ e r =5 o
i fanxs ! E ot f
g LA oy L4 gl T SR L s S ST Sy ) e
oo '!': — - - " ?— Ij- - - . 'I_:lltI
— T g [ |y -_— = [ e T IS I 2 v I
bl Lyliea = o By SglEmr 0= 9ol 8 )
| e 7
} =2 ] J"r
S |
I £ " i .
— Lot i by ciny "'_f.;t’.,.f_’ i B i o i S __n Fren a2 e o e 1
; Sl oy
. - - e ‘ o
Wi 2o <o Sl ".'5:; .J.."._J : I"' X, = i f g 'f..'}'l. _'_:'Il s ;I_-I_- S f:- ':.I_:__l 'y
d= 3 = ™
“ 3 2 A ke B o= 12 = = - —
- B b - - - i =
L 3 ¥ & A y S _-"_ iz W i L 7ok
= LT TET e e g el e et
el sl B P A% A B S - . _
} n e
e . - a “ = . -,
| { £t | = 8 x [ Sl
| F‘-;.rm_ — *
i i —te! 3 - = =
| I it by % N l_.‘l | e gt P i SVE g 7
. S BN el g Ryl
i T -3 I i L ! . R
L b dse wle Daad e om b gaebiudt g i B (n5) ; A=
{ T e —te I fa X S ¥ 3 = T
o bl - = i I ‘-.- =y
| - £
ik _-.':,f"' ! % fir] =y L,
fie e ot SR — L
| S X Fo 4 =
Cfreny [Faxel = alttacieo

e - S Il T TETEL ¢ £ i = 2
j I . o y,
= LA - i ] B q al
v A ! A LA a :I"'.-'f- 13 T T 5 J o G ’ o A e
5 2z




= |
d Cp— _—
' | it ! ; ol 'nt ] - ] -
| " 3 (1] ' A oy ] \ III ,l" | !
| | L 3, b J 8 LI S b
't L gl ) i - ol ], [ b st ]
A i = 2 £ P i ! Fut s 7
= e .-J'.._-' £l s L2 Ao - = = I .-_.’
E i FTRE R R oy L Fii e
A - P Y ST g [oeE  n Sl SooeH) L Ll RO e 4
O
__:lrjj £ e Y
Thuz supplied with central elements,we czn ostablish the
structure ¢ an arhibtrary alternative division algebra.

i (Bruck-RKileinfeld-Gkornyvakov Thneorem) An alternative divizion

e

algohra is eithsy asstociative or a Caylesy algchra over its
center.

Propnf Agsune Lhroughout that the alternative division

algebra A is not associative. We wiszh to show 2 is a degree

5 e

2 algsbra ovar its cocnter. But for any elemsnt x we can actually

write down a guadratic eguation it satisfies:

(l-ﬁ} S i uxg -~ Bx + vl =10 I (Eall's iﬂentity}
5 .
o = [,5]

ol

\
"-?EEBIE*] B lx;rlz x =[x, vlxlx,v] = [®,¥]elx%"]
by = Loylxlxeyls = Ixy']

p

I
{here y' = v has [x,¥'] = xyx vxx = [x,y)x). By Artin's
theorem the above equaztion halds identically in x and y. We

must show the goefficients lic in the cenler and can be chosen

nantrivial,

hie D E N g 2
Since a divisilon algebra has no zero divisors, g = [x,y]



1.5

and v = Iﬂ.f']z lie in the nucleus ¥ by the Fourlh Power
[ F=T ok ad=] P 1o T imoayd enes = y r] 8. 1
Taeoren; and 50 Qogs the Lingariaacion § = [Ky]°[4,y'],

By the Nucleus = Center Theorsm and tha assumed nonassociativity
gf <L w.8,% lde 380 & = 1 .

Trhus every element x satisfiles a gquadratic equation over C.
The only trouble is that it might bo a trivial pguation. Tt will
be nontrivial if Ix:v] F 0 {since then o = =, ¥17 = 6) , EQ
Ly nroper choice of v we can gel & nontrivial agualion unlsss

[x,¥] = U for all possible y. RBubk such an x already lies in C

R A s

by the Commutativity-Tnplies-Centrality fwimma TII.4.3 (since

A  has na nilpotents), in which case » = § satisfies

2 2
gs_j}{ + , = D.
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o far we know every x satisfies an eguatian

(1.5 xz - f£{x)x + n(x))l =0
for some coeifticients t(x),n(x) in the center ¢, I+ we can slrow
t 1s linsear then 2 will be degres 2 over C; since A is already
semiprimc (being a division algebra), by the Fgquivalence and
Hurwitz Theorems¥IL.2.14 and¥rT. 4.1 & will have 6 Be &
Cayley algebra over C. :

But inTII,L.6 ws saw thaz {i.%ﬁ and khe fact that A has

no zero divisors forcs it to be deqgrees 2. B3

Hemarik  FPor a differcent prool of the lash statement, reecall
that we have seesn t is automalically l.icar if le] » 2.

But if C = #Z, is finite then any two elcoments »,y € A gencrate
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2 finite associalive subalgehra Cl=,y] = CL + Cx + Cy I Cxy

=CLr 0 Oy 4 Cyx (note vy 4 ye = [ +y12 Sl el

€ C{x + y] + Cx + Cy + C1) without zero divisors, which must
be a finite fisld by Wedderburn's Theoren. In particular,

¥ and y commuta. This holds Zor zll x and ¥r 50 A iz com-

mutative, bhance adsocialbive hv EEY 400 contrary. bto oour

e

hyoolhesis, i
The preceding remark once again shows

Wedderburn Theorem) Any finile alternalive divieion ring

ig a finite (commutative, assgaiative) field, E
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T2, 7.7 -FRis Problen Set on Domzains

Go bhacxk through the preoof of the Bruck-¥leinfeld-

Skornyakoy Theorem, making whatevsr additional arguments are

necessary, to establish

(Theersm) 12 A is an altsrnative alogekbra witkhouwl. zere divisors,

Gl

then A i3 elfthers asscciative or an order in a Cayley algsbra.

Suguest=3d sters zro:
Show Lhat if A is not asscciative it is of degree 2 aver C = N ,
ond semiprime,

Show € is an inlecral demain with guoticnt field ¢ , and thakt A
can be imbodded zs a C-arder in its central clesurse A = AD_  C

Show £ kas no zzro divisors, and is of degree 2 over € iff
is degres 2 gver C,
If 2 is noi associative but is a domain of degres 2 over a

field C , show A is a Cavlev algebra, so our original A is an

order in z Caylcy zlgsbra,
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HATHEEZ Problem Set un this Fourth Fower Theorcm
f

Frova that [axmllyv,z,w][xn] = Ix,mllz,n]ly,z,w] = 0

for all x,v,4,v @A and n,m € W{ & ).

; . : 2
Proye any astociator a = [x,v,z] saltislfics a° = [x,v,az]
2 [ al -—
~c{ar] = =B {az} for o = [x,v] 4 Bﬁ”_“ Lgﬁ Ljo-

b

, g ot L 5 2 g
Prove that [[x,.y] 2wl = 0 holds in all alternative
alozhras.
Conelude that i1f A has ne nilpotent elements, the sguare

[#,%]17 ¢ any commutator lics in the nucleus.

¥

This improves on the Fourth Power "Thecrem (instead
of no zero divisors we nesd only no nilpotents). However,
we cannob generalize the Nuclesus = Center Theorsm from the
casse of no zero diviscrs to the case of no nilpotents:

it D dis a centrzl asscocistive division

]

Lgebra and C a
Cayley diwvision algebra then 2 = DY has no nilpotentis
but has nucleus N{ A ) = D& ¢ different from A or

C{ &) = & & &,



